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Abstract
We discuss higher derivative interactions in the type IIB superstring in ten dimen-
sions. From the fundamental string point of view, the non-perturbative corrections
are due to D-instantons. We argue that they can alternatively be understood as aris-
ing from (p, q)-strings. We derive a non-renormalization theorem for eight-derivative
bosonic interactions, which states that terms involving either NS-NS or R-R fields
occur at tree-level and one-loop only. By using the SL(2,Z) symmetry of M-theory
on T 2, we show that in order for the possible R3m+1 (m = 1, 2, ...) interactions in
M-theory to have a consistent perturbative expansion in nine dimensions, m must be
odd. Thus, only R6N+4 (N = 0, 1, ...) terms can be present in M-theory and their
string theory counterparts arise at N and 2N +1 loops. Finally, we treat an example
of fermionic term.
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1. Introduction
One of the lessons of the recent developments in string theory is that there is a multitude
of theories, whose fundamental objects are of different nature and which however give rise
to completely equivalent physics. At the present time, all ten-dimensional superstring
theories are related to one another either after being compactified to lower dimensions or
being interpreted as different limits of more fundamental theories such as M- or F- theory
in eleven and twelve dimensions, respectively. In this paper, we will concentrate on the
type IIB string and we will show how the standard interpretation of its effective action in
terms of perturbative string and non-perturbative instanton corrections can alternatively be
interpreted as arising from the (p, q)-strings. In general, besides these (p, q)-strings [1], the
various type IIB branes consist in solitons, which are the self-dual three-brane, an SL(2,Z)
multiplet of five-branes, the seven-brane and finally the D-instanton. These p-branes play
an important role in the theory in dimensions lower than or equal to 10− (p+1) since only
in these cases can their Euclidean (p+1)-world volume wrap around cycles of the compact
space and contribute to the effective action as standard instantons. However, since we will
discuss here the type IIB superstring in dimension nine or ten only, it is natural to think
that beside string loop calculations, the non-perturbative corrections can only arise from
D-instantons. This is in fact precisely what was shown in [2]. Since the D-instanton breaks
half of the supersymmetries [3], the sixteen fermionic zero modes, which are generated
by the instanton background, can be saturated by eight derivatives. These interactions
are of order α′3 and some of them have been evaluated either in σ-model perturbation
theory [4] or by a direct string-amplitude calculation [5]–[8]. Besides the perturbative
corrections, the form of the non-perturbative ones, which arise from multiply-charged one-
instantons (anti-instantons) backgrounds, for the R4 term, has been discussed in [2] and
a non-renormalization theorem has been proved in [9]. This particular term has also been
conjectured to exist in the eleven-dimensional M-theory [10, 11] and compactifications of
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the latter give results consistent with string-theory expectations [12]–[17]. The SL(2,Z)
invariant four-point amplitude has been worked out in [18].
The type IIB supergravity has a U(1) symmetry that rotates the two supercharges
[19]. Although the R4 term is neutral under this U(1), there are other eight-derivative
interactions that have a non-zero charge. The form of the non-perturbative corrections
to such charged terms has been proposed in [20]. More precisely, the tree-level four-point
effective action at order α′3, which contains all the fields in the NS-NS sector, has been
completed in an SL(2,Z)-invariant way. The resulting action involves the R-R fields (ex-
cept the four-form which is SL(2,Z)-invariant) and it is consistent with the D-instanton
interpretation.
Here, we derive the form of the four-point effective action of [20] and extend it to other
eight derivative interactions. This derivation is based on the fact that the tree-level eight-
derivative effective action in the NS-NS sector is invariant under a subgroup Γ∞ of SL(2,Z).
Therefore, SL(2,Z) invariance must be achieved by taking the orbit of each term under
Γ∞\SL(2,Z) whose elements are in one-to-one correspondence with the pairs p, q of integers
whose g.c.d. is 1. In this case, the perturbative as well as the non-perturbative corrections
can alternatively be viewed as arising from (p, q)-strings rather than fundamental string
loops and D-instantons.
In should be noted that although we have started from the tree-level eight derivative
interactions of the NS-NS fields only, we expect from the symmetries that there also exist
interactions involving 2r (r = 1, ..., 4) R-R fields and arising at tree level. Their precise nor-
malization should be evaluated by a string calculation and their orbit under Γ∞\SL(2,Z)
is then completely determined. By showing that S-duality relates n-loop to (1 − n)-loop
corrections for the eight-derivative interactions, we obtain a non-renormalization theorem
in type IIB theory. According to this, an eight-derivative term involving either NS-NS or
R-R fields has only tree level and one-loop perturbative corrections.
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The method used for the determination of the form of the eight-derivative interactions
can also be applied to determine the perturbative and non-perturbative corrections of other
terms as well. We discuss as an example the λ16 fermionic interaction recently considered
in the literature, where λ is the complex dilatino. Our result is in perfect agreement with
the M-theory analysis of [21]. We also consider 6m+ 2-derivative interactions of the form
R3m+1 which are terms consistent with eleven-dimensional Lorentz invariance in M-theory
[12]. By applying the SL(2,Z) symmetry in nine dimensions [22], we find that the allowed
interactions are of the form R6N+4 (N = 0, 1, ...) and that they occur at N and 2N + 1
loops only.
In the next section, we recall some known results for the type IIB theory. In section 3 we
employ the S-duality symmetry in order to determine the perturbative and non-perturbative
corrections to eight-derivative interactions. In section 4 we derive a non-renormalization
theorem for the eight-derivative bosonic interactions and in section 5 we consider fermionic
as well as R3m+1 terms. Finally, in Appendix A we explicitly give the SL(2,Z) invariant
effective action derived from the tree-level NS-NS sector only and in Appendix B we present
some properties of the non-holomorphic modular forms we are using.
2. Tree-level NS-NS sector
The massless bosonic spectrum of the type IIB superstring theory consists in the gravi-
ton gMN , the dilaton φ and the antisymmetric tensor B
1
MN in the NS-NS sector, while in
the R-R sector it contains the axion χ, the two-form B2MN and the self-dual four-form field
AMNPQ. The fermionic superpartners are a complex Weyl gravitino ψM and a complex
Weyl dilatino λ. The theory has two supersymmetries generated by two supercharges of
the same chirality. It has in addition a conserved U(1) charge, which generates rotations of
the two supersymmetries and under which some of the fields are charged [19]. In particu-
lar, the graviton and the four-form field are neutral, the antisymmetric tensors have charge
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q = 1, the scalars have q = 2, whereas the gravitino and the dilatino have charges q = 1/2
and q = 3/2, respectively.
The two scalars of the theory can be combined into a complex one, τ = τ1+ iτ2, defined
by
τ = χ+ ie−φ , (2.1)
which parametrizes an SL(2,R)/U(1) coset space. At lowest order in α′, the bosonic
effective action of the type IIB string theory in the Einstein frame is written as
S3pt = 1
2κ210
∫
d10x
√−g
[
R− 1
2τ 22
∂Mτ∂
M τ¯ − 1
12τ2
(τH1 +H2)KMN(τ¯H
1 +H2)KMN
]
,(2.2)
where HαKMN = ∂KB
α
MN + cyclic for α = 1, 2, κ
2
10 = 2
6π7α′4 and we have set the four-form
to zero. It has an SL(2,R) symmetry that acts as
τ → aτ + b
cτ + d
, BαMN → (ΛT )−1αβBβMN , gMN → gMN , Λ =

 a b
c d

∈SL(2,R) ,(2.3)
while the fermions transform accordingly as
ψM →
(
cτ¯ + d
cτ + d
)1/4
ψM , λ→
(
cτ¯ + d
cτ + d
)3/4
λ. (2.4)
The action (2.2) can be written in the string frame,
S3pt = 1
2κ210
∫
d10x
√−G
{
e−2φ
[
R−1
2
(∂φ)2− 1
12
(H1)2
]
−
[
1
2
(∂χ)2+
1
12
(χH1 +H2)2
]}
,(2.5)
where GMN = e
φ/2gMN and RMNPQ are the metric and Riemann tensor in this frame,
respectively. From this, we see that the tree level NS-NS sector kinetic terms have a e−2φ
normalization. In order for the R-R fields to have the same tree level normalization, we
have to rescale the R-R fields as
χ→ χ′ = eφχ , B2MN → B2
′
MN = e
φB2MN . (2.6)
The next-to-leading order corrections to the tree-level effective action for the NS-NS
sector can be calculated either in σ-model perturbation theory or by string amplitudes. At
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the four-point level, they are written as
Stree4pt =
1
2κ210
∫
d10x
√−g
[
α′3
3 · 26 ζ(3)τ
3/2
2
(
tABCDEFGH8 t
MNPQRSTU
8 +
1
8
εABCDEFGHIJ10 ε
MNPQRSTU
10 IJ
)
×R˜ABMN R˜CDPQR˜EFRSR˜GHTU
]
, (2.7)
where
R˜
PQ
MN = RMN
PQ + e−φ/2∇[MH1N ]PQ − g[M [P∇N ]∇Q]φ , (2.8)
and we use the convention T[MN ] =
1
2
(TMN −TNM ). The tensor t8 is defined in [5] in terms
of ηMN and ε10 is the totally antisymmetric symbol in ten dimensions. However, by general
covariance, t8 should be written in terms of the metric g
MN and the curved space analogue
of ε10ε10 should be understood.
As has been noted in [7], R˜MNPQ is the linearized Riemann tensor constructed from the
connection
ωˆA¯B¯M = ωA¯B¯M +
1
2
e−φ/2H1A¯B¯M +
1
4
(δB¯M∂A¯φ− δA¯M∂B¯φ) , (2.9)
where A¯, B¯ are flat space indices. The generalized Riemann tensor defined by
RˆA¯B¯MN = ∂M ωˆ
A¯
B¯N − ∂N ωˆA¯B¯M + ωˆA¯C¯M ωˆC¯B¯N − ωˆA¯C¯N ωˆC¯B¯M (2.10)
is then
Rˆ
PQ
MN = RMN
PQ + e−φ/2∇[MH1N ]PQ − g[M [P∇N ]∇Q]φ
−e−φH1[MC[PH1N ]CQ] +
1
4
g[M
[P∂N ]φ∂
Q]φ− 1
2
g[M
[PgN ]
Q]∂Kφ∂
Kφ (2.11)
−1
2
e−φ/2∂[PφH1
Q]
MN − 1
2
e−φ/2∂[MφH
1
N ]
PQ − 1
2
e−φ/2g[M
[PH1N ]
Q]C
∂Cφ ,
and the full tree-level interactions at order α′3 take the form
Stree= 1
2κ210
∫
d10x
√−g
[
α′3
3 · 26 ζ(3)τ
3/2
2
(
tABCDEFGH8 t
MNPQRSTU
8 +
1
8
εABCDEFGHIJ10 ε
MNPQRSTU
10 IJ
)
×RˆABMN RˆCDPQRˆEFRSRˆGHTU
]
. (2.12)
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3. Non-perturbative corrections from S-duality
We will now proceed to determine perturbative and non-perturbative corrections to the
tree-level NS-NS sector at α′3 order of the type IIB superstring theory. This will be worked
out by employing the S-duality symmetry of the theory, which relates the NS-NS fields to
the R-R ones.
It is easily seen from (2.3) that ∇MH1NPQ and ∇M∂Nφ do not transform covariantly
under SL(2,R). It is convenient to introduce SL(2,R)-covariant objects and, for this, let
us recall that the complex scalar τ parametrizes a SL(2,R)/U(1) coset space. In general,
the group SL(2,R) can be represented by a matrix V α± [19, 2]:
V =

 V 1− V 1+
V 2− V
2
+

 = 1√−2iτ2

 τ¯ e−iθ τeiθ
e−iθ eiθ

 . (3.1)
The local U(1) is realized by the shift θ → θ +∆θ and the global SL(2,R) acts from the
left. One may define the quantities
PM = −ǫαβV α+ ∂MV β+ = ie2iθ
∂Mτ
2τ2
, QM = −iǫαβV α+ ∂MV β− = ∂Mθ −
∂Mτ1
2τ2
, (3.2)
where QM is a composite U(1) gauge connection and PM has charge q = 2. We also define
the complex three-form
GKMN = −
√
2iδαβV
α
+H
β
KMN = −i
eiθ√
τ2
(τH1KMN +H
2
KMN) , (3.3)
with charge q = 1. We fix the U(1) gauge by choosing θ ≡ 0 from now on. In this case,
the global SL(2,R) transformation is non-linearly realized and the various quantities in
eqs.(3.2) and (3.3) transform as
PM → cτ¯ + d
cτ + d
PM , QM → QM + 1
2i
∂M ln
(
cτ¯ + d
cτ + d
)
, GKMN →
(
cτ¯ + d
cτ + d
)1/2
GKMN .(3.4)
We also define the covariant derivativeDM = ∇M−iqQM , which transforms under SL(2,R)
as
DM →
(
cτ¯ + d
cτ + d
)q/2
DM . (3.5)
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The generalized Riemann tensor RˆMNPQ in eq.(2.11) can now be written in terms of
the previous covariant quantities as
Rˆ
PQ
MN =
1
2
RMN
PQ +
1
2
(
D[MGN ]
PQ + P[MG¯
PQ
N ]
)
− g[M [PDN ]PQ] − 3
4
g[M
[PPN ]P
Q]
−1
2
g[M
[P gN ]
Q]PKP
K +
5
4
g[M
[PPN ]P¯
Q] − 1
4
G[M
C[PGN ]C
Q] − 1
4
G[M
C[P G¯
Q]
N ]C
−1
2
g[M
[P gN ]
Q]PKP¯
K − 1
4
g[M
[PGN ]
Q]CPC − 1
4
g[M
[P G¯
Q]C
N ] PC (3.6)
+
1
4
(
GMN
[PPQ] +GPQ[MPN ]
)
+
1
4
(
G¯
[P
MN P
Q] + G¯PQ[MPN ]
)
+ c.c. .
In the first line of the r.h.s. of (3.6), we have kept two terms in parenthesis since this
combination involves the SL(2,R)-covariant quantity
DMGNPQ ≡ DMGNPQ + PMG¯NPQ = −i√
τ2
(τ∇MH1NPQ +∇MH2NPQ) , (3.7)
which satisfies the Bianchi identity
D[MGN ]PQ = −D[PGQ]MN . (3.8)
By using the expression (3.6) for RˆMNPQ in the action (2.12), it is clear that the latter
is only a part of the full S-duality-invariant effective action. SL(2,Z) transformations
generate new terms and the S-duality invariant result must contain the orbit of the Rˆ4
terms under SL(2,Z). The action (2.12) is invariant under the subgroup
Γ∞ =



±1 ∗
0 ±1

 ∈ SL(2,Z)

 , (3.9)
and thus the SL(2,Z) orbit is obtained by summing over all matrices γ ∈ Γ∞\SL(2,Z).
By noticing that 
±1 ∗
0 ±1



 a b
c d

 = ±

 ∗ ∗
c d

 , (3.10)
and that a matrix belongs to SL(2,Z) if and only if the g.c.d. of its second row is 1, we
find that a representative of the coset Γ∞\SL(2,Z) is
γ = ±

 ∗ ∗
p q

 , (3.11)
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where the g.c.d. (p, q) = 1 [23]. The effective action (2.12) must then be completed to
S = 1
2κ210
∫
d10x
√−g

 α
′3
3 · 26
(
t8t8 +
1
8
ε10ε10
)
ζ(3)
1
2
∑
(p,q)=1
τ
3/2
2
|pτ + q|3

1
2
RMN
PQ +
1
2
(
pτ¯ + q
pτ + q
)1/2 (
D[MGN ]
PQ + P[MG¯
PQ
N ]
)
−
(
pτ¯ + q
pτ + q
)
g[M
[PDN ]P
Q]
−3
4
(
pτ¯ + q
pτ + q
)2
g[M
[PPN ]P
Q] − 1
2
(
pτ¯ + q
pτ + q
)2
g[M
[PgN ]
Q]PKP
K +
5
4
g[M
[PPN ]P¯
Q]
−1
4
(
pτ¯ + q
pτ + q
)
G[M
C[PGN ]C
Q] − 1
4
G[M
C[P G¯
Q]
N ]C −
1
2
g[M
[P gN ]
Q]PK P¯
K (3.12)
−1
4
(
pτ¯ + q
pτ + q
)1/2
g[M
[P G¯
Q]C
N ] PC +
1
4
(
pτ¯ + q
pτ + q
)3/2 (
GMN
[PPQ] +GPQ[MPN ]
)
−1
4
(
pτ¯ + q
pτ + q
)3/2
g
[P
[M GN ]
Q]CPC +
1
4
(
pτ¯ + q
pτ + q
)1/2 (
G¯
[P
MN P
Q] + G¯PQ[MPN ]
)
+ c.c.


4

 ,
where the factor 1/2 in front of the discrete sum is due to the sign ambiguity of eq.(3.11).
Then the sum over p, q with (p, q) = 1 can be extended in an ordinary sum by replacing
ζ(3)
∑
(p,q)=1
→∑
p,q
′
, with p, q ∈ Z2 − {0, 0} . (3.13)
We may expand the fourth power in the square brackets in eq.(3.12) in terms of
(
pτ¯+q
pτ+q
)k/2
with k = −16, . . . , 16 and the result is given in Appendix A. Here, for simplicity, let
us consider as an example the contributions that involve three terms in the second line of
eq.(3.12). These terms are the only ones that contribute to the four-point string amplitudes.
We find
S = 1
2κ210
∫
d10x
√−g

 α
′3
3 · 27
(
t8t8 +
1
8
ε10ε10
)∑
p,q
′ τ
3/2
2
|pτ + q|3

1
2
RMN
PQ +
1
2
(
pτ¯ + q
pτ + q
)1/2
D[MGN ]
PQ −
(
pτ¯ + q
pτ + q
)
g[M
[PDN ]P
Q] + c.c.


4


=
1
2κ210
∫
d10x
√−g
{
α′3
3 · 27 (t8t8 +
1
8
ε10ε10)×
–10–
[
1
2
f0(τ, τ¯)
(
R4 + 12R2DP DP¯ − 6RDP DG¯2 + 3R2DGDG¯
+6DP 2DP¯ 2 +
3
8
DG2DG¯2 + 6DP DP¯ DGDG¯
)
+f1(τ, τ¯)
(
− 4R3DP + 3
2
R2DG2 − 12RDP 2DP¯ − 6RDP DGDG¯ (3.14)
+3DP DP¯ DG2 +
3
2
DP 2DG¯2 +
1
4
DG3DG¯
)
+f2(τ, τ¯)
(
6R2DP 2 − 3RDPDG2 + 4DP 3DP¯ + 3DP 2DGDG¯+ 1
16
DG4
)
+f3(τ, τ¯)
(
− 4RDP 3 + 3
2
DP 2DG2
)
+ f4(τ, τ¯)DP
4 + c.c.
]}
,
where DG stands for (DG)MNPQ ≡ DMGNPQ, DP for (DP )MNPQ ≡ gMPDNPQ and
similarly for DG¯ and DP¯ of U(1) charge q = −1,−2, respectively. This result is in perfect
agreement with [20], where the S-duality invariant corrections to the eight-derivative four-
point tree-level interactions of the NS-NS sector were conjectured.
The functions fk(τ, τ¯) are defined as
fk(τ, τ¯) =
∑
p,q
′ τ
3/2
2
(pτ + q)3/2+k(pτ¯ + q)3/2−k
, (3.15)
and they transform under SL(2,Z) as
fk(τ, τ¯ )→
(
cτ + d
cτ¯ + d
)k
fk(τ, τ¯) ,

 a b
c d

 ∈ SL(2,Z) . (3.16)
By considering the full expansion in eq.(3.12), the functions fk which appear are f0(τ, τ¯),
f1(τ, τ¯),..., f8(τ, τ¯) and their complex conjugates f0(τ, τ¯), f−1(τ, τ¯), ..., f−8(τ, τ¯) only. This
is due to the fact that all fk(τ, τ¯) with k half-integer vanish, as can be seen from their
definition (3.15). There are thus no interactions involving an odd number of two-forms,
which is not a surprise since the transformation −I2×2 ∈ SL(2,Z) acts as
− I2×2 : τ → τ , BαMN → −BαMN , (3.17)
and does not allow such terms.
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Perturbatively, the type IIB superstring is also invariant under the world-sheet parity
operator Ω whose effect on the massless bosonic fields is
Ω : τ1 → −τ1 , B1MN → −B1MN , AMNPQ → −AMNPQ , (3.18)
while the graviton, dilaton and R-R two-form are invariant. In the SL(2,Z)-invariant
action, this symmetry remains unbroken since, once translated in terms of covariant quan-
tities, it takes the form
Ω : fk(τ, τ¯)→ f−k(τ, τ¯) , PM → P¯M , GMNP → −G¯MNP , QM → −QM , (3.19)
which amounts to a complex conjugation of the effective action.
We have determined above perturbative and non-perturbative corrections to eight-deri-
vative interactions by considering the leading order in their small τ−12 expansion, which
is 2ζ(3)τ
3/2
2 . In particular, under SL(2,Z), the latter generates perturbative corrections
at one loop proportional to τ
−1/2
2 only, as can be seen from eq.(B.3). We would like to
stress that these two perturbative contributions are actually on an equal footing. By this
we mean that if we had started from the τ
−1/2
2 contributions, we would have generated the
τ
3/2
2 corrections in a similar way. As an example, let us explicitly describe how this works
on the simplest case, namely the τ
−1/2
2 R
4 term, which gives
2π2
3
τ
−1/2
2 R
4 → 2π
2
3
1
2
∑
(p,q)=1
τ
−1/2
2
|pτ + q|−1R
4 =
π2
3
1
ζ(−1)
∑
p,q
′ τ
−1/2
2
|pτ + q|−1R
4 , (3.20)
after considering its orbit under SL(2,Z). Using the alternative expression for fk given in
eq.(B.5), we get
2π2
3
τ
−1/2
2 R
4 → f0(τ, τ¯)R4 , (3.21)
which is exactly what we obtained before by starting from the 2ζ(3)τ
3/2
2 R
4 term.
We have seen that SL(2,Z) relates tree and one-loop contributions. We can show
now that there are no other perturbative corrections to the eight-derivative interactions
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compatible with S-duality. We will demonstrate this for the R4 term and the generalization
for interactions of non-zero U(1) charge is then straightforward. Let us suppose that there
exists the n-loop correction τ
3/2−2n
2 R
4 which under the action of SL(2,Z) gives
τ
3/2−2n
2 R
4 → 1
2
∑
(p,q)=1
τ
3/2−2n
2
|pτ + q|3−4nR
4 =
1
2ζ(3− 4n)
∑
p,q
′ τ
3/2−2n
2
|pτ + q|3−4nR
4
=
1
2ζ(3− 4n)f3/2−2n,0(τ, τ¯)R
4 (3.22)
where, in general,
fs,k(τ, τ¯) =
∑
m,n
′ τ s2
(mτ + n)s+k(mτ¯ + n)s−k
, (3.23)
are non-holomorphic modular forms of weights (s + k, s− k). Note that f3/2,k is identical
to fk introduced before. The fs,k’s for generic k are relevant for interactions with non-zero
U(1) charge. For n ≥ 1 we have s = 3/2− 2n < 0 and the infinite sum does not converge
but can be defined by analytic continuation [24] as
fs,k(τ, τ¯) = π
2s−1Γ(1− s+ k)
Γ(s+ k)
f1−s,k(τ, τ¯) . (3.24)
The small τ−12 expansion of f3/2−2n,0 is then
f3/2−2n,0(τ, τ¯ ) = π
2−4nΓ(2n− 1/2)
Γ(3/2− 2n) (3.25)
×
(
2ζ(4n− 1)τ 2n−1/22 +
2
√
πΓ(2n− 1)ζ(4n− 2)
Γ(2n− 1/2) τ
3/2−2n
2 + · · ·
)
,
where the dots stand for instanton corrections. We see from the above expansion that
S-duality relates the n-loop contribution to the (1− n)-loop τ 2n−1/22 R4 term. We conclude
then that n = 0 or n = 1 are the only perturbative contributions consistent with S-duality.
The formal sums we considered in this section have a physical interpretation. We recall
that any contribution in the effective action that has been determined so far by an explicit
string or sigma-model calculation is invariant under the abelian group Γ∞. The invariance
under the latter implies that in order to achieve the S-duality symmetry, all contributions
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to be added are associated to coprime pairs of integers p, q. This is equivalent to considering
them as arising from the (p, q)-strings of the type IIB theory [1]. In fact, it is surprising
that (p, q)-strings play a role already in ten dimensions. One should expect that these
objects are important for non-perturbative physics in dimensions lower than or equal to
8, since their Euclidean world volume can then wrap around two-dimensional cycles of the
compact manifold. Here, we see that the perturbative as well as the non-perturbative D-
instanton corrections of the fundamental (0, 1)-string have an alternative interpretation in
ten dimensions. They can be viewed as a sum of only “perturbative” contributions from all
(p, q)-strings. Indeed, due to the fact that these objects are the images of the fundamental
string under S-duality, they appear on equal footing in the final result.
4. A Non-renormalization theorem
Here, we discuss in more detail the structure of the terms we collected in Appendix A.
At order α′3, the contributions that appear involve in the Einstein frame:
NS −NS : ∂g , ∂φ , e−φ/2H1
R−R : eφ∂τ1 , eφ/2
(
τ1H
1 +H2
)
, (4.1)
and their first derivatives. To determine their string-loop expansion order, we consider
them in the string frame. There we find that the interactions involve the independent
terms
NS −NS : ∂G , ∂φ ,H1
R−R : ∂τ1 ,
(
τ1H
1 +H2
)
, (4.2)
where GMN = e
φ/2gMN . By using eq.(B.3), the general structure of the perturbative
interactions are of the following form(
2ζ(3)e−2φk1 +
2π2
3
k2
)
e2Lφ (∂G)n1 (∂φ)n2 (H1)n3 (∂τ1)
r1 (τ1H
1 +H2)r2 (4.3)
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×(∂∂G)m1 (∂∂φ)m2 (∂H1)m3 (∂∂τ1)s1 (τ1∂H1 + ∂H2)s2 ,
where L = 1
2
(r1+ r2+ s1+ s2) and k1, k2 are rational coefficients depending on the positive
integers ni, mi, rj, sj (i = 1, 2, 3; j = 1, 2), which satisfy
n1 + n2 + n3 + r1 + r2 + 2(m1 +m2 +m3 + s1 + s2) = 8 (= number of derivatives)
n3 +m3 + r1 + s1 even (Ω invariance)
n3 +m3 + r2 + s2 even (−I2×2 invariance) .
(4.4)
Notice that these conditions imply that L = 0, 1, ..., 4. To determine the loop order this
corresponds to, we have to take into account the rescaling (2.6) of the R-R fields. As a
result, the perturbative interactions (4.3) arise at tree level and one-loop only. However,
it should be stressed that k1 = 0 for the terms involving a R-R field. The reason for
this is that when we considered the orbit of the tree-level NS-NS sector proportional to
2ζ(3)τ
3/2
2 in the Einstein frame, we generated only terms proportional to
2π2
3
τ
−1/2
2 or non-
perturbative. However, there is no symmetry that excludes terms involving R-R fields at
tree level. Therefore, their presence has to be checked by an explicit string calculation
and then, their SL(2,Z) orbit has to be added. However, after performing this procedure,
eqs.(4.3,4.4) remain valid and the only effect of these terms is to change the values of k1
and k2 while the structure of eq.(4.3) remains unaffected. To show this explicitly, let us
consider as an example in the Einstein frame the term
(
tABCDEFGH8 t
MNPQRSTU
8 +
1
8
εABCDEFGHIJ10 ε
MNPQRSTU
10 IJ
)
(4.5)
a τ
3/2
2 RABMNRCDPQgER
∂F τ1
τ2
∂Sτ1
τ2
gGT
∂Hτ1
τ2
∂Uτ1
τ2
,
where a is a number to be determined by a string calculation. By a straightforward calcu-
lation following the steps which led us from eq.(2.12) to eq.(A.3), the orbit under SL(2,Z)
of (4.5) is
(
tABCDEFGH8 t
MNPQRSTU
8 +
1
8
εABCDEFGHIJ10 ε
MNPQRSTU
10 IJ
) a
2ζ(3)
RABMNRCDPQ ×
–15–
[
f0(τ, τ¯)
(
gERPFPSgGT P¯HP¯U + gERP¯FPSgGT P¯HPU + gERP¯FPSgGTPHP¯U
)
−f2(τ, τ¯)
(
gERP¯FPSgGTPHPU + gERPF P¯SgGTPHPU + gERPFPSgGT P¯HPU (4.6)
+gERPFPSgGTPHP¯U
)
+ f4(τ, τ¯)
(
gERPFPSgGTPHPU
)
+ c.c.
]
.
It can now be seen that the interactions induced by the term (4.5) are of the form (4.3)
and actually give corrections to k2 only.
The previous remarks we demonstrated on the specific example of eq.(4.5) remain valid
for any other term involving 2r R-R fields at tree level and allowed by the symmetries.
As a result, we can state a non-renormalization theorem: For the eight-derivative bosonic
interactions of the type IIB theory which involve either NS-NS or R-R fields (except the
self-dual four-form), there exist only tree level and one-loop perturbative corrections.
We would like to point out that although our procedure infer the structure of the
perturbative sector of the type IIB superstring, the non-perturbative one may differ from
what we obtained. This is due to the fact that one may add “cusp forms” to the fk’s of
the same weights without altering their perturbative expansion. By “cusp forms” we mean
here modular functions of the form
∑′
m,n≥1am,n(τ2)e
2iπmτe−2iπnτ¯ . However, this possibility
does not affect the above non-renormalization theorem.
5. Fermionic and R3m+1 terms
To illustrate the generality of the procedure that we presented for the eight-derivative
bosonic interactions, we now discuss fermionic as well as R3m+1 terms. The fermionic term
we will consider is related to t8t8R
4 by supersymmetry and is the λ16 interaction which
should arise at tree level. This term is in fact the product of the 16 components of the
complex Weyl spinor whose real and imaginary parts are the two dilatinos of same chirality.
The perturbative and non-perturbative corrections associated to it are then determined by
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taking into account as before its orbit under SL(2,Z) and the transformation property
(2.4),
2bζ(3)τ
3/2
2 λ
16 → 2bζ(3)1
2
∑
(p,q)=1
τ
3/2
2
|pτ + q|3
(
pτ¯ + q
pτ + q
)12
λ16
= b
∑
p,q
′ τ
3/2
2
(pτ + q)3/2+12(pτ¯ + q)3/2−12
λ16 (5.1)
= b f12(τ, τ¯) λ
16 ,
where b is a numerical factor. This result is in complete agreement with the M-theory
calculation of ref. [21].
Interactions of the form R3m+1 of α′3m order with m = 1, 2, ... have been conjectured
to exist in M-theory [12]. They are the only terms that can be decompactified in eleven
dimensions in a Lorentz-invariant way. In the string frame they can arise at m loops
∫
d10x
√−Ge2φ(m−1)R3m+1 , (5.2)
where RMNPQ is the Riemann tensor in this frame. Eventually, there are also lower order
perturbative contributions.
M-theory on T 2 has an SL(2,Z) symmetry, which is the T-duality group of the torus.
It acts on the complex structure Ω, which can be identified with the type IIB complex
scalar τ in nine dimensions. By decompactifying to ten dimensions on the type IIB side
and following the procedure described in section 3, we find that eq.(5.2) is promoted to the
SL(2,Z)-invariant term
∫
d10x
√−gf−m/2,0(τ, τ¯)R3m+1 , (5.3)
where, f−m/2,0(τ, τ¯) has been defined in eq.(3.23). The small τ
−1
2 expansion of f−m/2,0 as
follows from eq.(3.25) is then
f−m/2,0(τ, τ¯) = π
−(m+1)Γ(1 +m/2)
Γ(−m/2) (5.4)
×
(
2ζ(2 +m)τ
1+m/2
2 +
2
√
πΓ(1/2 +m/2)ζ(1 +m)
Γ(1 +m/2)
τ
−m/2
2 + · · ·
)
,
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where the dots stand for instanton corrections. From the expansion (5.4), we see that there
exist two perturbative contributions at m and (m− 1)/2 loops to the R3m+1 terms. Then,
a necessary condition for such terms to exist perturbatively is that m be odd. As a result,
we conclude that: Interactions consistent with eleven-dimensional M-theory and SL(2,Z)
symmetry in nine dimensions are of the form R6N+4 (N = 0, 1, ...) and arise at N and
2N + 1 loops.
Acknowledgements
We are grateful to I. Antoniadis, S. Ferrara, M.B. Green, B. Pioline, J.G. Russo, A.A.
Tseytlin and P. Vanhove for useful discussions. We also thank N.J. Berkovits for his relevant
remarks about loop counting for R-R fields.
–18–
Appendix A
We present here the S-duality invariant interactions of the type IIB effective action,
which have been obtained by considering at tree level the NS-NS sector only. However, to
obtain the full action at α′3 order, besides these Rˆ4 terms, it is necessary to extend the
analysis to all other eight-derivative contributions that involve 2r R-R fields (r = 1, 2, 3, 4)
and occur at tree level only.
For convenience, we introduce the following quantities Xi (i = 0, ..., 4) whose U(1)
charges are well defined, namely q = i,
(X0)MNPQ ≡ RMNPQ + 5
4
gMP
(
PN P¯Q + P¯NPQ
)
− gMP gNQPKP¯K
−1
4
GMPC G¯
C
NQ −
1
4
G¯MPC G
C
NQ ,
(X1)MNPQ ≡ 1
2
(
DMGNPQ + PM G¯NPQ
)
+
1
4
(
G¯MNP PQ + G¯PQM PN
)
−1
4
gMP G¯NQCP
C , (A.1)
(X2)MNPQ ≡ − gMP DNPQ − 1
4
GMPC G
C
NQ ,
(X3)MNPQ ≡ 1
4
(GMNPPQ +GPQMPN)− 1
4
gMP GNQCP
C ,
(X4)MNPQ ≡ −3
4
gMPPNPQ − 1
2
gMP gNQPCP
C .
In addition we will denote
(
t8t8 +
1
8
ε10ε10
)
XiXj XkXl ≡
(
tABCDEFGH8 t
MNPQRSTU
8 +
1
8
εABCDEFGHIJ10 ε
MNPQRSTU
10 IJ
)
×(Xi)ABMN (Xj)CDPQ (Xk)EFRS (Xl)GHTU , (A.2)
for i, j, k, l = 0, ..., 4 and similarly for interactions involving the complex conjugates X¯i.
Then, the action takes the form
S = 1
2κ210
∫
d10x
√−g
{
R − 2PM P¯M − 1
12
GMNP G¯
MNP +
α′3
3 · 27
(
t8t8 +
1
8
ε10ε10
)
×
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[
1
2
f0
(
12 X¯1X
2
0 X1 + 4 X¯3X
3
1 + 6 X¯
2
3 X
2
3 + 12 X¯3 X¯1X
2
2 +X
4
0
+ 24 X¯3 X¯2X2X3 + 12 X¯
2
2 X1X3 + 12 X¯
2
1 X0X2 + 12 X¯3X
2
0 X3
+ 24 X¯2 X¯1X0X3 + 24 X¯1 X¯2X1X2 + 24 X¯1 X¯3X1X3
+ 24 X¯3X0X1X2 + 6 X¯
2
2 X
2
2 + 4 X¯
3
1 X3 + 6 X¯
2
1 X
2
1
+ 12 X¯2X
2
0 X2 + 12 X¯2X0X
2
1 + 24 X¯4 X¯1X1X4
+ 24 X¯4 X¯1X2X3 + 24 X¯3X4 X¯1X0 + 6 X¯
2
4 X
2
4
+ 24 X¯4 X¯3X3X4 + 12 X¯2X
2
3 X¯4 + 12 X¯
2
3 X4X2 + 12 X¯
2
1 X4 X¯2
+ 12 X¯22 X0X4 + 12X
2
2 X¯4X0 + 12X2 X¯4X
2
1 + 12X
2
0 X4 X¯4
+ 24 X¯3 X¯2X1X4 + 24X0X1 X¯4X3 + 24X2 X¯4X4 X¯2
)
+f1
(
12 X¯2X
2
1 X2 + 12 X¯2X0X
2
2 + 4 X¯1X
3
1 + 6 X¯
2
1 X
2
2
+ 24 X¯3X0X2X3 + 12 X¯3 X¯1X
2
3 + 24 X¯1 X¯2X2X3 + 6 X¯
2
2 X
2
3
+ 12 X¯3X
2
1 X3 + 12 X¯3X1X
2
2 + 12 X¯
2
1 X1X3 + 12 X¯1X
2
0 X3
+ 24 X¯2X0X1X3 + 24 X¯1X0X1X2 + 4X2X
3
0 + 6X
2
0 X
2
1
+ 12 X¯4X
2
1 X4 + 6X
2
4 X¯
2
3 + 4X
3
2 X¯4 + 24X3X4 X¯4 X¯1
+ 24X3X4 X¯3 X¯2 + 24 X¯2 X¯1X1X4 + 12 X¯
2
1 X4X0
+ 12X0X
2
3 X¯4 + 12X
2
4 X¯4 X¯2 + 12 X¯
2
2 X2X4 + 12X
2
0 X4 X¯2
+ 24 X¯3X0X1X4 + 24 X¯4X1X2X3 + 24 X¯1X4 X¯3X2
+ 24 X¯4X4X0X2
)
+f2
(
12 X¯3X
2
2 X3 + 12 X¯2X0X
2
3 + 12 X¯1X1X
2
2 + 4 X¯2X
3
2 +X
4
1
+ 24 X¯1X0X2X3 + 6 X¯
2
1 X
2
3 + 12 X¯3X1X
2
3 + 12 X¯1X
2
1 X3
–20–
+ 24 X¯2X1X2X3 + 6X
2
0 X
2
2 + 12X
2
0 X1X3 + 12X0X
2
1 X2
+ 24 X¯3X1X2X4 + 12X0X
2
4 X¯4 + 12X
2
2 X¯4X4 + 12 X¯
2
1 X2X4
+ 12X2 X¯4X
2
3 + 12 X¯2X
2
1 X4 + 12X
2
4 X¯3 X¯1 + 6X
2
4 X¯
2
2
+ 4X30 X4 + 24X0X4 X¯2X2 + 24X0X4 X¯1X1 + 24X0X4 X¯3X3
+ 24X1X3 X¯4X4 + 24X3X4 X¯2 X¯1
)
+f3
(
12X24 X¯2X0 + 12X
2
4 X¯3X1 + 12 X¯1X
2
2 X3 + 4 X¯3X
3
3
+ 12 X¯2X2X
2
3 + 4X0X
3
2 + 12 X¯1X1X
2
3 + 4X3X
3
1 + 6X
2
0 X
2
3
+ 24X1X0X2X3 + 6X
2
1 X
2
2 + 24 X¯1X4X0X3 + 24 X¯1X1X2X4
+ 24 X¯3X3X2X4 + 12X
2
4 X2 X¯4 + 12 X¯2X
2
2 X4 + 12 X¯4X4X
2
3
+ 12X20 X2X4 + 12X
2
1 X4X0 + 6X
2
4 X¯
2
1 + 24X3X4 X¯2X1
)
+f4
(
4 X¯1X
3
3 +X
4
2 + 12X0X2X
2
3 + 12X1X
2
2 X3 + 6X
2
1 X
2
3
+ 12X23 X4 X¯2 + 12X
2
4 X¯2X2 + 6X
2
0 X
2
4 + 12X3X
2
4 X¯3
+ 12X0X4X
2
2 + 12X
2
4 X¯1X1 + 12X2X4X
2
1 + 24X3X4 X¯1X2
+ 24X3X4X0X1 + 4X
3
4 X¯4
)
+f5
(
4X34 X¯2 + 12X
2
4 X¯1X3 + 12X
2
4 X0X2 + 6X
2
4 X
2
1
+ 12X0X4X
2
3 + 24X1X3X2X4 + 4X1X
3
3 +4X
3
2 X4 + 6X
2
2 X
2
3
)
+f6
(
4X34 X0 + 12X
2
4 X1X3 + 6X
2
4 X
2
2 + 12X
2
3 X4X2 +X
4
3
)
+f7
(
4X34 X2 + 6X
2
3 X
2
4
)
+ f8
(
X44
)
+ c.c..
]}
. (A.3)
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Appendix B
We present here some properties of the non-holomorphic fk functions. They have been
defined in eq.(3.15) as
fk(τ, τ¯) =
∑
p,q
′ τ
3/2
2
(pτ + q)3/2+k(pτ¯ + q)3/2−k
, (B.1)
from which we derive the recursion formula for k ∈ Z
(
k + 2iτ2
∂
∂τ
)
fk =
(
3
2
+ k
)
fk+1 . (B.2)
By using the above relation, we find that their small eφ = τ−12 expansion is
fk(τ, τ¯) = 2ζ(3)τ
3/2
2 +
2π2
3
ckτ
−1/2
2 + 4π
∑
m≥1, n≥1
m1/2
n3/2
×

 ∞∑
r=−k
C−k,r
(4πmnτ2)r
e2iπmnτ +
∞∑
r=k
Ck,r
(4πmnτ2)r
e−2iπmnτ¯

 , (B.3)
where
ck = (−)k π
4
1
Γ(3/2 + k)Γ(3/2− k) ,
r ≥ l ∈ Z , Cl,r = (−)
l
(r − l)!
Γ(3/2)
Γ(l + 3/2)
Γ(r − 1/2)
Γ(−r − 1/2) . (B.4)
An alternative form of the functions fk is
fk(τ, τ¯ ) =
4π2
4k2 − 1
∑
p,q
′ τ
−1/2
2
(pτ + q)−1/2+k(pτ¯ + q)−1/2−k
, (B.5)
which is a particular case of eq.(3.24) for s = 3/2. In fact, the above sum does not converge
but is defined by an analytic continuation [24] similar to the well-known zeta-regularization.
Using eq.(B.1), the functions fk can be seen to satisfy the differential equation
(τ − τ¯)2∂∂¯fk + k(τ − τ¯)∂fk + k(τ − τ¯ )∂¯fk + 3
4
fk = 0 . (B.6)
In fact, it is shown in [24] that any modular function of holomorphic and anti-holomorphic
weights (3
2
+ k, 3
2
− k), which satisfies the above equation, must be equal to fk.
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